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Abstract In many applications, a cloaked resonator is
highly desired, which can harvest and maximize the energy
within the resonator without being detected. This paper
presents the resonator cloaking achieved by topology
optimization-based inverse design methodology. The res-
onator cloaking is inversely designed by solving the topol-
ogy optimization problem with minimizing the ratio of the
scattering field energy outside the cloak and the cloaked res-
onating field energy. By inversely designing the resonator
cloaking with relative permittivity 2 for both the resonator
and cloak, the topology optimization-based inverse design
methodology is demonstrated, where the incident angle
sensitivity is considered to derive incident angle insensi-
tive design. Then, the proposed methodology is applied
for the cases with resonator and cloak materials chosen
from dielectrics with low, moderate and high permittivity,
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respectively. The derived results demonstrate that the res-
onator cloaking can be categorized into three types, which
are the Fabry-Pérot resonance cloaking, Mie resonance
cloaking and hybrid resonance cloaking.
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Introduction

Many different applications are in pressing need of effec-
tively cloaking resonators (or sensors and detectors), which
can efficiently detect signals but has negligible disturbance
on the surrounding environment. For example, in physics
and engineering experiments, this means that a probe,
e.g. the tip of a near-field scanning optical microscope
or a microwave antenna, may have a minimal scattering
effect on the quantity it is designed to measure [1, 2].
With the development of transformation optics, the old
dream of a device which render an object invisible to
the human eye is already within reach [3, 4]. By trans-
formation optics, the cloak/anticloak interaction has been
investigated to realize the sensor cloaking [5]. However, the
derived cloak/anticloak has extreme electromagnetic prop-
erties, permittivity and permeability. And they normally
are implemented by exotic metamaterials [6]. The tai-
lored microstructure of such metamaterials has to be much
smaller than the wavelength, and this makes it very chal-
lenging to realize the desired magnetic properties at optical
frequencies. Would it be possible to design a cloaked res-
onator using conventional simple isotropic dielectric readily
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available in nature instead of using metamaterials with
extreme electromagnetic properties?

To address this question, we adopt an inverse design
approach based on topology optimization to find the geo-
metrical configuration of the conventional nonmagnetic
isotropic dielectric cloak for a resonator. Besides, the
metasurfaces-based electromagnetic illusion or virtual shap-
ing has also been demonstrated to be an alternative approach
[7–9]. Topology optimization is a full-parameter method
used to inversely determine the geometrical configuration,
which represents distribution of materials [10]. It can be
used to implement the structural design for the cases where
the scale is large enough to ensure the reasonability for
using physical parameters of materials fitting in with sta-
tistical hypothesis or continuum hypothesis. In contrast to
designing devices by tuning a handful of structural param-
eters in size and shape optimization, topology optimization
method utilizes the full-parameter space to design structures
solely based on the user’s desired performance specifi-
cation. Therefore, topology optimization is more flexible
and robust, because of its low dependence on initial struc-
ture and implicitly expression of the material distribution
in structures. Further, topology optimization can inversely
determine the geometrical configuration representing simul-
taneously the structural topology, shape and size; and it is a
more general computational design methodology. Topology
optimization has been applied to multiple physical prob-
lems, such as elastics, acoustics, electromagnetics, fluidics,
optics, thermal dynamics, and material design problems
[10]. In electromagnetics, it has been applied in the inverse
design of cloaks, splitter, photonic crystal, plasmonic nanos-
tructures, dielectric metamaterials [18–22], to name the
most prominent. Therefore, topology optimization is one
reasonable approach to achieve resonator cloaking.

Methodology

An infinitely long cylinder domain is illuminated in the
free space with monochromatic propagating wave. Due to
the invariance of the electromagnetic properties along the
cylinder axis, the problem can be formulated in a plane
perpendicular to the cylinder axis. A firs- order absorb-
ing boundary condition is used as an approximation to the
Sommerfeld radiation condition in order to truncate the infi-
nite domain. Thus, the computational domain is preset as
shown Fig. 1 with one circularly-shaped resonator at the
center. A time-harmonic electromagnetic wave propagates
from the left boundary through the computational domain.
In the computational domain, the resonator cloak is located
in a ring-shaped domain with the same center as the res-
onator, and it is inversely determined using the topology
optimization approach. The rest surrounding medium is set

Fig. 1 Sketch for the computational domain. The resonator �r is
located at the center of the computational domain; the ring-shaped
design domain �d for the cloak surrounds the resonator; and the
outside surrounding �s is set to be vacuum

to be vacuum. For transverse electric (TE) polarization, the
waves are described by the governing equation as follows

∇ ·
[
μ−1

r ∇ (Ezs + Ezi)
]

+ k20εr (Ezs + Ezi) = 0, in �

μ−1
r ∇Ezs · n + jk0

√
εrμ

−1
r Ezs = 0, on ∂�

(1)

where Ezs is the scattering TE field; Ezi is the incident TE
field; εr and μr are the relative permittivity and permeabil-
ity, respectively; k0 is the free space wave number; j is the
imaginary unit; � is the computational domain with trace
∂�. This paper considers the inverse design case for uni-
form plane incident waves with the incident TE waveEzi set
to be e−jk0k·x, where k is the normalized wave vector and x
is the spatial coordinate.

Topology optimization approach is based on the mate-
rial interpolation between two different materials. And the
material interpolation is implemented with the binary dis-
tribution defined in the design domain, where the binary
distribution with values 0 and 1 respectively represent two
material phases. This paper considers nonmagnetic mate-
rials with unity relative permeability. Then, the inverse
design for the resonator cloaking is focused on the geomet-
rical configuration corresponding to the spatial distribution
of materials with two different relative permittivity. The
binary distribution is set to be the design variable, which
is relaxed to vary in the interval [0, 1] in the gradient
information-based topology optimization. To regularize the
relaxed design variable continuously valued in [0, 1] and
converge to one binary distribution at the end of the topol-
ogy optimization procedure, the design variable is filtered
using the Helmtoltz equation-based PDE filter [23]

− ∇ ·
(
r2∇γf

)
+ γf = γ, in �d

∇γf · n = 0, on ∂�d (2)
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where γ is the design variable defined on the design domain,
and �d is the design domain set to be the ring-shaped cloak
domain that surrounds the resonator. The filtered design
variable is projected by the threshold method [24]

γp = tanh (βξ) − tanh
(
β

(
γf − ξ

))

tanh (βξ) − tanh (β (1 − ξ))
(3)

where r is the filter radius chosen based on numerical exper-
iments [23]; γf is the filtered design variable; γp is the
projected design variable named physical density represent-
ing the geometrical configuration [25]; ξ ∈ [0, 1] and β

are the threshold and projection parameters for the thresh-
old projection, respectively: ξ is set to be 0.5, and β is set
with initial value 1 and it is doubled every 40 iterations [26].
Then, the material interpolation is implemented using the
projected design variable as

εr = εrl + γp (εru − εrl) (4)

where εrl and εru are the relative permittivity of two differ-
ent dielectrics, respectively.

In this inverse design method, the resonator cloak is
determined based on its desired resonator cloaking perfor-
mance, that is the total electric field should be enhanced
in the resonating domain and the scattering field should
be weakened or nearly removed in the outside surrounding
of the resonator cloak. The scattering field induced in the
surrounding of resonator cloak can be measured by

�Es = 1

�Es0

∫

�s

EzsE
∗
zs d� (5)

where the asterisk denotes the complex conjugate, �Es0 is
the reference value equal to the norm of the scattering TE
field, induced by the uncloaked resonator, in the outside
cloak surrounding �s . The total field in the resonator can be
measured by

�Er = 1

�Er0

∫

�r

(Ezs + Ezi) (Ezs + Ezi)
∗ d� (6)

where �Er0 is the reference value equal to the norm of the
total TE field inside the uncloaked resonator in �r . Then,
the inversely determined resonator cloaking should corre-
spond to the minima of the quotient between the norms of
the scattering field in the surrounding of resonator cloak and
total field in the resonator

q = �Es

�Er

(7)

As a result, one variational problem for inverse design of
resonator cloaking can be built by minimizing the quo-
tient in Eq. 7 constrained by the TE wave equation in
Eq. 1. To solve this variational problem, the gradient-based
optimization algorithm is used to derive the geometrical
configuration for the resonator cloaking, where the design
variable is iteratively evolved with the gradient information
derived by the adjoint analysis. The gradient information is

used to determine the evolution direction of the design vari-
able. The adjoint analysis-derived gradient for the quotient
in Eq. 7 is

δq = δ�Es

�Er

− �Es

�2
Er

δ�Er (8)

In Eq. 8, δ�Es is the first-order variational of �Es

δ�Es = −
∫

�d

γ̃f δγ d� (9)

with γ̃f derived by solving the adjoint equations
∫

�

2E∗
zs

�Es0

˜̃
Ezs − μ−1

r ∇Ẽ∗
zs · ∇ ˜̃

Ezs + k0εr Ẽ
∗
zs

˜̃
Ezs d�

−
∫

∂�

jk0

√
εrμ

−1
r Ẽ∗

zs
˜̃
Ezs d
 = 0,

∫

�d

r2∇γ̃f · ∇ ˜̃γf + γ̃f
˜̃γf + k0

∂εr

∂γp

∂γp

∂γf

[
Re (Ezs + Ezi)

Re
(
Ẽ∗

zs

)
− Im (Ezs + Ezi) Im

(
Ẽ∗

zs

) ] ˜̃γf d� = 0,

∀ ˜̃
Ezs ∈ H (�) , ∀ ˜̃γf ∈ H (�d) (10)

where Ẽzs and γ̃f are the adjoint variables of Ezs and γf ,

respectively; ˜̃
Ezs and ˜̃γf are the test functions of Ẽzs and γ̃f ,

respectively; H (�) and H (�d) are the first-order Hilbert
functional spaces defined on � and �d , respectively; Re (·)
and Im (·) are the operators used to extract the real part
and imaginary part of a complex function, respectively. And
δ�Er in Eq. 8 is the first-order variational of �Er

δ�Es = −
∫

�d

γ̃f δγ d� (11)

with γ̃f derived by solving the adjoint equations
∫

�

2 (Ezs + Ezi)
∗

�Er0

˜̃
Ezs − μ−1

r ∇Ẽ∗
zs · ∇ ˜̃

Ezs

+k0εr Ẽ
∗
zs

˜̃
Ezs d� −

∫

∂�

jk0

√
εrμ

−1
r Ẽ∗

zs
˜̃
Ezs d
 = 0,

∫

�d

r2∇γ̃f · ∇ ˜̃γf + γ̃f
˜̃γf + k0

∂εr

∂γp

∂γp

∂γf

[
Re (Ezs + Ezi)

Re
(
Ẽ∗

zs

)
− Im (Ezs + Ezi) Im

(
Ẽ∗

zs

) ] ˜̃γf d� = 0,

∀ ˜̃
Ezs ∈ H (�) , ∀ ˜̃γf ∈ H (�d) (12)

On numerical implementation of the solving procedure,
the equations are discretized by the finite element method,
which is implemented in the commercial package (COM-
SOL Multiphysics) [27].

Results and Discussion

To demonstrate the robustness of the inverse design method,
the resonator cloaking performance is investigated, and the
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Fig. 2 Inversely designed resonator cloak for the uniform plane
incident TE wave. The domain enclosed with the green circu-
lar line is the resonator. a is the inversely designed resonator
cloak. b is the total field corresponding to the cloaked resonator.

c is the total field corresponding to the uncloaked resonator. The corre-
sponding optimized quotient is qE = 6.11×10−2, where the scattering
field is weakened to be 0.08-fold of that of the uncloaked case and the
total field inside the resonator is strengthened 1.30-fold

Fig. 3 Inversely designed resonator cloak for the uniform plane inci-
dent TE wave with incident angle bandwidth −5◦ ∼ 5◦. The domain
enclosed with the green circular line is the resonator. a is the inversely
designed resonator cloak. b-g is the total field corresponding to the

uncloaked resonator with incident angle 0◦, 1◦, 2◦, 3◦, 4◦ and 5◦,
respectively. h the incident angle spectra of the designed resonator
cloak
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incident angle sensitivity is also considered. The method is
applied further in the cases with dielectric materials SU8, Si
and SiO2 to reveal the origin of inversely designed resonator
cloaking.

Inversely Designed Resonator Cloaking Performance

The dielectric material with relative permittivity εr = 2 is
chosen for both the resonator and cloak. The incident wave-
length is set to be 0.6 m. The radius of the resonator and
exterior radius of the ring-shaped design domain are set to
be 0.5- and twofold of the incident wavelength, respectively.
Then, the resonator cloak is derived as shown in Fig. 2,
where the inversely designed resonator is shown in Fig. 2a,
and the total fields for the cloaked and uncloaked resonator
are plotted respectively in Fig. 2b and c. With the inversely
designed resonator cloak shown in Fig. 2a, the scattering
induced by the resonator is reduced to be 0.08-fold com-
pared with that of the uncloaked case; and the filed is kept
to resonate in the central domain with 1.30-fold enhance-
ment. From the total field in Fig. 2b, one can conclude that
the inversely designed resonator cloak achieves the phase
matching by effectively weakening the scattering field in the
outside surrounding and the total field is enhanced in the
resonator by guiding and focusing the field in the cloak.

The resonator cloak in Fig. 2a is inversely designed for
incident wave with fixed incident angle. Its performance
has a strong dependence on the incident angle. Therefore,
the incident angle-insensitive inverse design is implemented
to extend the incident angle bandwidth. The inverse design
procedure is implemented by setting the design objective to
be the sum of equally weighted quotients corresponding to
different incident angles valued in a specified incident band-
width. By specifying the incident bandwidth to be −5◦ ∼
5◦, the incident angle-insensitive inverse design of resonator
cloak is derived as shown in Fig. 3a with total field distribu-
tion corresponding to different incident angles respectively
shown in Fig. 3b-g. In Fig. 3h, the incident angle spectra
of the inversely designed resonator cloak is plotted. These
results demonstrate that reasonably good cloaking effect is
achieved within the moderate angle range.

Application in the Cases with Dielectric Materials SU8,
SiO2 and Si

For photonic devices, SU8, SiO2 and Si are widely used
dielectrics with moderate and high relative permittivity. We
chose the resonator and cloak materials from vacuum, SU8,
SiO2 and Si, and the corresponding resonator cloaks are
derived as shown in Fig. 4, where the wavelength of the
incident wave is 600nm with unity amplitude. On the opti-
cal properties of SU8, SiO2 and Si, one can refer to the
literatures [28–30]. The radius of the resonator and exterior

Fig. 4 Inversely designed resonator cloaking and the corresponding
total field distribution, with resonator and cloak materials chosen from
vacuum, SU8, SiO2 and Si
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radius of the ring-shaped design domain are set to be 0.5-
and 2-fold of the incident wavelength, respectively. In the
designed resonator cloaking, the cloaks simultaneously have
the performance of guiding waves and matching the phase
of the waves in the surrounding. For the case with resonator
set to be vacuum, the wavelength in vacuum is relatively
large, and the volume of the resonator domain is relatively
small, then the Fabry-Pérot resonance, usually presented in
resonator with low permittivity, is achieved by the cloak
guiding, focusing and reflecting the incident wave (Fig. 4a).
As the resonator is set to be Si, the wavelength of wave in
Si with high permittivity is small enough and the Mie reso-
nance, usually presented in resonator with high permittivity,
is presented in the resonator (Fig. 4f). When the resonator
is chosen to be SU8 or SiO2 which has the moderate val-
ues of permittivity, the transmitting resonating modes can
be regarded to be the hybrid of Fabry-Pérot resonance and
Mie resonance.

On the fabrication of the structures with two dimensional
layouts corresponding to the derived structural topology,
several feasible nanofabrication processes are available for
the future experimental tests. The feasible nanofabrica-
tion processes can include creating the patterns using the
electron-beam lithography followed by dry etching, and
depositing relevant dielectric materials using atomic layer
deposition. And these nanofabrication processes have been
reviewed in [31].

Conclusions

In conclusion, we have investigated the resonator cloak-
ing using the topology optimization-based inverse design
methodology. By setting the quotient between the outside
surrounding scattering field energy and the total field energy
in the central resonator, the cloak is inversely designed with
various dielectric materials, and the motivation on enhanc-
ing or keeping the field inside the resonator and suppressing
the induced scattering is achieved. With the dielectric cloak,
the field energy is amplified in the resonator, the scattering
field is weakened effectively in the surrounding vacuum,
and the wave-guiding and phase-matching performance of
the designed cloak achieves the resonator cloaking. The
resonator cloaking inversely implemented using different
dielectrics demonstrates that the resonator cloaking has the
three types of performance, i.e. the Fabry-Pérot resonance
cloaking, Mie resonance cloaking and hybrid resonance
cloaking. We anticipate that our method can be used for
designing other transformation optical devices, such as
beam splitters, waveguide bends, and focusing lenses, in the
future.
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